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Why do we care about Schatten-p norms?



Stochastic spectral descent

Recently an explosion in spectral descent based optimizer
e Muon was used to train Kimi K2 (1T) and GLM-5 (744B)

Originates from stochastic spectral descent [Car+15], for x € R™*"™:

Udiag(s)V T = SVD(Vf(x*, &)

Xk+1 _ Xk o 'YkHSHlUVT

SDD is steepest descent under Schatten-oo geometry:

XKL € argmin (VF(x5, &), x) + ﬁ [x = Xk”iw



Empirical state of affairs

Seemingly conflicting observations:

for speedruns Muon shines [Jor24; Jor+24a]

large-scale studies are less clear [Wen+25; SPJ25]

SGD remains strong at extremely low batch sizes [SGO25; Mar+25]

finite Schatten-p norms can beat Muon [Pan+26; Abr26; Shu-+26]

How can these possibly be true simultaneously?

We ask

What Schatten-p norm should the optimizer use, and when?



What is on the agenda?

Setup
e d dimensions

e N tokens (a.k.a. stochastic oracle calls)

Best Schatten-p choice is regime dependence!

e high-dimensional regime (d = N): Muon is provably beneficial
e low-dimensional regime (d < N): lower p can be better
even the problem geometry is Schatten-oc!

e Chinchilla scaling puts us in the low-dimensional regime

. and optimal batch size will be p-dependent.



What is on the agenda?

Mechanisms at play. The choice of p-norm connects to three things:

e it should match the geometry of the neural network
e it changes the ability to accelerate

e the heavy-tailedness of the noise



Muon as Optimistic Dual Averaging



SGD with momentum

PyTorch SGD with momentum and weight decay
SGD

mk = (1 — a)m =1 + aVF(xk, &)

mk = (1 — a)mk + aVF(xk &) (Nesterov momentum)

XKL = ek uxck — ik (weight decay)



PyTorch SGD with momentum and weight decay + msign
Muon [Jor+24b]

mk = (1 —a)mk =1 + aVF(xk, &)
mk = (1 — a)mk + aVF(xk &) (Nesterov momentum)

k+1

XK+ = xk—p ux* — nemsign(mk) (weight decay)

with msign : Udiag(o)V T + UV'T (approximated efficiently on GPUs)



Optimistic Dual Averaging

Nesterov momentum (in Lion, Muon, NAdam) can be viewed as:
Optimistic Dual Averaging (ODA)

mktl = (1 — ak)mk + Oéka(Zk,fk)

Akt = (1 — ag)m**tt + & V(2" &)  (optimism)
2K € Oh* (—yemk L) = arg min, vk (x, M) + h(x)
xk+1 = (1 — )\k)Xk + )\kzk+1



Nesterov momentum (in Lion, Muon, NAdam) can be viewed as:
Optimistic Dual Averaging (ODA)

mk+l = (1 — ap)mk + a VF(y", &)

Mkl = (1 — a)m 1 + &, VF(y5 &) (optimism)

2K € Oh* (—yem ) i= arg min, i (x, M) 4+ h(x)

xk+t1l — (1 — )\k)Xk + )\kaJrl

YR = (1 = X )xKFL 4 N2kt (primal extrapolation)

SODA: Schedule-free [Def+24] + ODA.
For A« = 0 we have y* = x¥, which reduces to:
e PyTorch SGD for h(x) = 3||x||3 and Muon for h(x) = 3||x||Z_

e Optimistic version of Double Averaging [NS15]
o Non-adaptive version of [Jou+20]



First challenge

e Good news: Muon with weight decay fits ODA + schedule-free
template.
e Bad news:
e Analysis typically require strongly convex reference functions.

e This restricts us to h(x) = 3||x||5 for p € (1,2].
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Our savior: Uniform convexity

h(u) = % Jull? is p-uniformly convex.

¢, case: v L —1g—-1
Vh'(m) = sign(m)©[m"",  q=5
Schatten-p case:

Vh*(M) = Udiag(s? )V'T

with M = Udiag(s)V'".

Flattening of a sparse spectrum
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Unification

Method Reference Opt.  Norm Dual map (0h*/Vh™)
Lion [Che+23] v loo sign(u)

- t sign(u) © [u]?~!

- mixed loo p HY,-Hffl sign(Y;)
Muon [Jor+24b] v Schatten-co UV "
HTMuon' [Pan-+26] v Schatten-p  Udiag(s9~ 1)V "
Scion (RowNorm) [Pet+25] 2 = oo Y,/ H Y,”2

- mixed £, ||Vi[|72Y;

t The same finite-Schatten norm is used in Soft-Muon and Freon [Abr26; Shu+-26].
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Analysis




Noise assumption

h p-uniformly convex = h* is g-uniformly smooth.

Assumption Gradient-variation condition

For g = ;£5, assume that for k >0,

}1/q

1/
E[llg* - 7] " < w1V - TEF )] + o

Heavy-tailed: It follows from bounded g-moment stochastic gradients,

E[|VF(y*, &) — VA9 | Fieeal <52,

with 7, = 1 and 04 = 254.
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What can we prove?

We can provide a noise-robust accelerated parameterization for given p:

2 2 < Ak
= — Ok = Ak = —— A < —.
k= o pY Qg et k=g
Suppose
e f is convex
e fis L,-smooth w.r.t. || |,
e Unbiased + gradient-variation condition
e h(u) = % [|v— zOHZ with R, == [|x* — 20|,
Then

ni+2/p nl/p

E[f(x"1) - f(x*)] = o( Lo "qu> .

e the allowed acceleration decreases with p

e the admissible noise can be increasingly heavy-tailed as p grows.
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L,R? ooR
n—1 *\] _ p"%p qp
E[f(x"") — f(x )]O<n1+2/P+ nl/P>

e Pick too small p: pay a geometry mismatch price if the problem
geometry has larger p.
e Pick too large p: pay through slower stochastic convergence and

weaker acceleration.
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A batch size scaling rule

e O i‘{ﬁf) is very slow for large p.

e What if noise is less heavy-tailed, r < g7

Mini-batch
B(x) = § X0, VF(x,&)
Norm conversion + von Bahr—Esseen:
0q < oll/qfl/fgr,gfl/p,7

where p, :=r/(r —1).

Batch size scaling rule

1-1/p
B, < NTH/e =175,
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A batch size scaling rule: how to understand it?

Bounded variance case:

Geometry lterations Batch size Rate

=
p=2 N1/2 NL/2 N—1/2 ‘é
2< p<oo NP/3P—2) N2(P—1)/Bp=2) p—p/(Bp—2) §_ — repen
p — o0 NL/3 N2/3 N3 g ® p=2

Q

T 1/2 4 e
For p — oo this recovers the BST scaling rule < T T T J

2 8 16 24 32

[|S|+26]. geometry p

e It looks like Euclidean is always better??

e Only if we ignore the dimensionality factor...
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Regimes




Regimes: Deterministic case

Modular norm [BN24] Neural networks natural geometry is Schatten-co.
Mismatch will pay a dimensionality price: R, := ||x* — 2°|| /< d"/PR

Deterministic case

d Lo R, d?/P Loo R, 2/p
Epet(N)g NT2/p T N (%) :

High-dimensional: Low-dimensional:
N<d NZ=d
e Small p pays the dim. price. e Acceleration wins.
e Prefer large p. e Prefer small p.
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Regimes: Stochastic case

Stochastic case: We can do the same!

Setting Regime Preferred geometry
Deterministic (o4 = 0) N2z d p=2

Deterministic (o4 = 0) N<d p— 0
Heavy-tailed noise (o, > 0) N = dmax{1,(5/A)P"} p=pr

Heavy-tailed noise (o, > 0) N < dmax{1,(5/A)"} p— o0

A:=LR? and S :=0,R
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Scaling laws

What regime is LLM training in?

Chinchilla [Hof+22]:

model_size ox N.

For a matrix parameter in a depth-D network, however, the model size is
model_size o< fan_in * fan_out x D.

If width and depth are scaled together, then the rank of each matrix
grows only like

rank o (model_size)/3 oc NY/3.
As we scale up we shift further and further into the low-dim regime
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Practical implications




Switching strategy

short / high-dim long / low-dim
use p &~ o0 switch to smaller p
— ——— N
N

Switching point

Nw=dmax{1,(5)7},  A=LaRL, §:=0/Ru.

e Start close to Schatten-co when dimension price dominates.

e Switch to smallest admissible p, once token budget dominates.

Remarkably, Nilin Abrahamsen arrived at such a schedule
empirically for Soft-Muon [Abr26].



Anchoring and weight decay schedule

SODA for h(x) = % [|x — 2°|”
X = (1= N+ 02 = MV (2]1) ().

Theory applied to practice [Pet+26]:

3.142

334] 23002 Muon
3140 ——- SODA(Muon)
3138
03.32 w
3 3 3.136
c
5 c
£330 -'% 3134
°
= 23132
= 328146 s s
3.28 PR 3.130
3.128
3.26 R P L
0.0 0.2 0.8 1.0

o Nl o N o o o
W7 W o 0% 0 &
U o 500“

ADANA arrives at a similar schedule [Fer+26].
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Warmup depends on

Also suggests warmup for Euclidean but not Schatten-oo (Muon):

= Pp=3 == p=8 == p—o

10° 4
1071 -
n ]
S 102 3
= 3
~ ]
1073 4
10 -

— T

100 10! 102 103 104

iteration k
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Optimal choice of p is regime dependent!
Implications for HTMuon/Freon/Soft-Muon:

e when to use: low-dimensional setting with heavy-tailed noise

e how to set batch size, weight decay, stepsize ...
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Thank you!

Why do we care about Schatten-p norms?
Muon as Optimistic Dual Averaging
Analysis

Regimes

Practical implications
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Appendix



Appendix: A confession

We've been cheating:
e By p — oo we refer to our p = log(d) result (introduces log factor)
e The true endpoint p = oo we treat in [HPS26] (incl. lower bounds)

e Also includes indication for why /o, > S, for input/ouput layers:
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(a) Ratios in S1. (b) Ratios in ¢;.



Appendix: uniform convexity and smoothness

p-uniform convexity

A convex function h is p-uniformly convex with constant p > 0 if
h(y) > h(x) + (g, y —=x) + & lly = x|I”  Vx,y, g € dh(x).

g-uniform smoothness

A differentiable function ¢ is g-uniformly smooth with constant L > 0 if
$(y) < ¢() +(Vo(x),y —x) + o lly = xllf  Vx,y.

If g =p/(p—1), then p-uniform convexity of h implies g-uniform
smoothness of h*.



Appendix: when is spectral worth it?

Spectral solvers such as Newton-Schulz compute:

Udiag(a)V"T — UV,

For batchsize=1, spectral descent = SGD:

e MLP gradients are rank one.
e All Schatten norms are equivalent.

e The spectral solver just adds overhead.



Appendix: two efficiency regimes

e Depth dominated: parallelize the solver across many layers and
GPUs.

e Batch dominated: large micro-batch size and sequence length
make forward /backward passes expensive enough to amortize matrix

sign.

Spectral methods pay off when the matrix-sign cost is hidden by depth or
batch compute.
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