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Introduction

Instabilities arises everywhere in deep learning:

• Scaling up: model size (depth, width), long runs

• Multiple epochs: overfitting

• Long context

• Recurrences: diffusion models, looped transformers, SSMs, TTT

• Multiplayer games: GANs, agents interacting

Aspiration: How do we design methods that work in the limit N → ∞?

where N is width, depth, #epochs, context length etc...
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Introduction

Optimization perspective: Unstable when our modeling is not faithful

Three parts:

• Non-Euclidean methods: Co-designing optimizer and architecture.

• Long-run stability: Avoiding overfitting.

• Games: Stabilizing multiplayer interactions.
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Non-Euclidean methods



What is non-Euclidean methods?

Algorithmic Template

xk+1 ∈ argmin
x

γ⟨dk , x⟩+ hk(x)

with gradient/dual feedback dk .

• Special case: Gradient descent

hk(x) =
1
2∥x − xk∥22 ⇒ xk+1 = xk − γdk

• Processing of gradients: can change the direction and magnitude

Based on:

Pethick et al., “Training Deep Learning Models with Norm-Constrained LMOs”, 2025

Pethick et al., “Training Neural Networks at Any Scale”, 2025
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Why do we care about non-Euclidean methods?

They unify a wide range of widely used methods!

xk+1 ∈ argminx∈X γk⟨dk , x⟩+ hk(x) with hk(x) =
1
2∥x − xk∥22,Hk

.

Algorithm Dual feedback dk Preconditioner Hk

AdaGrad / RMSProp gk [Hk ]ii = [Hk−1]ii + (gk
i )

2;∀i ∈ [p]

Adam / AdamW β1d
k−1 + (1− β1)g

k [Hk ]ii = β2[Hk−1]ii + (1− β2)(g
k
i )

2;∀i ∈ [p]

ℓ∞-descent gk [Hk ]ii = (gk
i )

2;∀i ∈ [p]

SignSGD / Signum gk/β1d
k−1 + (1− β1)g

k [Hk ]ii = (gk
i )

2;∀i ∈ [p]

Spectral descent Gk = mat(gk) R
1/2
k ⊗ L

1/2
k :

{
Rk = GkG

⊤
k

Lk = G⊤
k Gk

Shampoo Gk = mat(gk) R
1/2
k ⊗ L

1/2
k :

{
Rk = β2Rk−1 + (1− β2)GkG

⊤
k

Lk = β2Lk−1 + (1− β2)G
⊤
k Gk

Scion / Muon (spectral) β1d
k−1 + (1− β1)Gk R

1/2
k ⊗ L

1/2
k :

{
Rk = GkG

⊤
k

Lk = G⊤
k Gk

β2 → 0 :

• RMSProp ⇒ ℓ∞-descent/SignSGD

• Adam ⇒ Signum

• Shampoo ⇒ Spectral descent

Table from ”Training Neural Networks at Any Scale” [Pet+25b]
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Why do we care about non-Euclidean methods?

Assumption Lipschitz: ∥∇f (x)−∇f (y)∥∗ ≤ L∥x − y∥ ∀x , y ∈ Rd .

Theorem Steepest descent, hk(x) = ∥x − xk∥2, with γ = 1/L satisfies

min
1≤k≤n

∥∇f (xk)∥∗ ≤
√

2L(f (x1)−f ∗)
n

Favorable geometry when L < L2 and ∥∇f ∥∗/∥∇f ∥2 large:

• Max-norm ℓ∞: ∥∇f ∥1/∥∇f ∥2 large (effective sparsity)

• Schatten-∞/Spectral: ∥∇f ∥S1/∥∇f ∥F large (effective rank)

Examples of favorable geometry:

• Max-norm ℓ∞: under log-sum-exp loss [Car+15]

• Schatten-∞/Spectral: grads in DL have high effective rank [DD25] 1

⇒ Improved dimensionality dependency aka scaling law coefficient

1Over single sample: rank-1, so Spectral descent ≡ Frobenius descent.

Explains recent successful SGD pre-training for LLMs [SGO25; Mar+25]
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Today

Modular norm [Lar+24] NNs are smooth if the params are constrained.

So let us use a classical algorithm for constrained problems!

Stochastic Conditional Gradient (SCG) [MHK20]

dk = (1− αk)d
k−1 + αk∇f (xk , ξk)

xk+1 = (1−γk)x
k + γk lmo(dk)

where lmo is the linear minimization oracle:

lmo(d) ∈ argmin
x

⟨d , x⟩+ h(x)

with h(x) = 0 if ∥x∥ ≤ ρ else ∞.

SOTA training with three simple components:

1 Non-Euclidean geometry

2 Momentum estimator

3 Weight decay 6



Properties of stochastic conditional gradient (SCG)

Theorem [Pet+25a] For L-smooth SCG with γ = 1/n3/4 and αk = 1/
√
k:

first order stationarity ≤ O( 1
n1/4

+ Lρ
n3/4

)

1 Linear minimization oracle (LMO):

• Adapt to geometry : through (possibly non-Euclidean) norm ∥ · ∥
• Scale invariant: Lipschitz agnostic, converges for (L0, L1)-smooth

2 Stochastic: Momentum is crucial!

• Naively : dk = ∇f (xk , ξk), d
k unbiased ̸⇒ lmo(dk) unbiased

• From the rate: Large batchsize
horizon needed

3 Regularization: SCG solves a constrained problem

• Naively : xk+1 = xk + γ lmo(dk) ⇒ ∥xk∥ ≤ ρ
∑k

i=1 γi
• Norm control of SCG : ∥xk∥ ≤ ρ

• Weight decay decouples optimization and regularization
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Empirical observations

1 LMO Stable across scales:
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Empirical observations

2 Stochastic

Improves when batchsize
horizon is large Momentum is crucial
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Empirical observations

3 Regularization

• Constraints especially important for multi-epoch

Remove ad-hoc Frobenious normalization in Muon CIFAR-10 speedrun

Figure 1: DeiT ImageNet

• Concurrently used to train a frontier model by Kimi AI [Liu+25]
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Part II: Long-Run Stability



Multi-epochs: Avoiding overfitting

• Early stopping inherently does not allow us to train indefinitely

• Alternative regularization: Sharpness aware minimization [For+20]

min
x

max
∥ε∥2≤ρ

f (x + ε) ⇒
x̃k = xk + ρ

∇f (xk)

∥∇f (xk)∥2
xk+1 = xk − γk∇f (x̃k)

(SAM)

• We can break the sequentiality

x̃k = xk + ρ
∇f (yk)

∥∇f (yk)∥2
yk+1= xk − γk∇f (yk)

xk+1 = xk − γk∇f (x̃k)

(SAMPa)

• We can combine with optimistic gradient descent for free:

xk+1 = (1− λ) SAMPa(xk) + λOptGD(xk) (SAMPa-λ)

Based on:

Xie, Pethick, and Cevher, “SAMPa: Sharpness-aware Minimization Parallelized”, 2024 11



Multi-epochs: Results

Potential function: Vk := f (xk) + 1
2 (1− γkL)∥∇f (xk)−∇f (yk)∥22.

Theorem For convex and L-smooth f , SAMPa converges with ρ > 0.

Extremely predictive of practice:

• SAMPa-0 closely matches SAM

• SAMPa-0.2 leads to consistent improvement

• SAMPa-0.2 effectively has a larger critical batch size
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Part III: Games



Motivation

Multiple agents with different objectives:

z⋆i ∈ argmin
zi

ϕi (zi ; z
⋆
−i ) ∀i = 1, ...,N

General vector field

ż = F (z) :=

 ∇z1ϕ1(z1; z−1)
...

∇zNϕN(zN ; z−N)


• F is not necessarily a potential

Figure 2: Even the celebrated

extragradient method designed

for multiplayer settings can

exhibit divergence or cycling

dynamics.
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Motivation

Under how weak conditions can convergence be established for games?

Several works:

• Relaxed extragradient methods [Pet+22]

• Stochastic case via bias-correction [Pet+23]

• Linear interpolation and applications to GANs [PXC23]

• Hyperplane projection [PMC25]

↱ weakest conditions while remaining efficient

Note: In this part we focus on the Euclidean case ∥ · ∥ = ∥ · ∥2.

By the end: How to escape limit cycles and stabilize GAN training
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Why is (convex) minimization easy?

Definition 1 (Minimization)

Given a function f : Rd → R, find

x⋆ ∈ argmin
x∈Rd

f (x).

Operator view F = ∇f

(Star)-convexity for all x ∈ Rd

⟨∇f (x), x − x⋆⟩ ≥ f (x)− f (x⋆)

(Star)-convexity + L-Lipschitz

⟨∇f (x), x − x⋆⟩ ≥ 1
L∥∇f (x)∥2

The gradient direction always points

towards the solution

So the gradient method suffice:

xk+1 = xk − γk∇f (xk)

for some stepsize γk > 0.
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Why are games hard?

Definition 2 (Minimax)

minimize
x∈Rn

maximize
y∈Rm

f (x , y)

Operator view with z = (x , y):

F (z) = (∇x f (x , y),−∇y f (x , y))

First order stationarity

Find z ∈ Rd such that F (z) = 0

Monotonicity

⟨F (z), z − z⋆⟩ ≥ 0, for all z ∈ Rd

Equivalent to convex-concavity.

The gradient direction might not

point towards the solution

In fact, never the case for bilinear:

f (x , y) = ⟨x ,Ay⟩
Very common, e.g., in Lagrangian

(re)formulations and game theory
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Beyond monotonicity: The weak MVI

Weak Minty variational inequality

For all z ∈ Rd

⟨F (z), z − z⋆⟩ ≥ ρ∥F (z)∥2

where ρ ∈ R can be negative.

The gradient direction can point

away from the solution
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Root finding

Task 1 (Root finding)

Find z ∈ Rd such that

0 ∈ T (z) := F (z) + A(z).

Operator splitting

• the operator F : Rd → Rd is single-valued

• the operator A : Rd ⇒ Rd is a set-valued operator

Example (Composite Minimization)

min
x∈Rd

f (x) + g(x)

Root finding captures the first order stationary conditions:

• Gradient F = ∇f of a smooth function f : Rd → R
• Subdifferential A = ∂g of a function g : Rd → R ∪ {+∞}
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Halfspace projection

Definition 3 (Halfspace construction)

Given approximate PPA z̄ = z − (v̄ + ε) where v̄ ∈ γT (z̄), construct

D(z) =
{
w | ⟨v̄ , z̄ − w⟩ ≥ ρ

γ ∥v̄∥
2
}

• Contains the solution set, i.e., Z⋆ ⊆ D(z)

• The projection P(z) := ΠD(z)(z) moves z towards a fixed point

• We just need to choose ε such that fixP ⊆ zerT !
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The method

Using the closed form solution to the hyperplane projection:

A Hybrid Proximal Extragradient method (HPE)

find z̄k ∈ Rd and v̄k ∈ γ(A+ F )z̄k

s.t. z̄k = zk − (v̄k + εk) and − ⟨εk , v̄k⟩ ≤ σ∥v̄k∥2

update zk+1 = zk − λkαk v̄
k αk = ⟨v̄k ,zk−z̄k⟩

∥v̄k∥2 + ρ
γ

where λk ∈ (0, 2) is an overrelaxation parameter.

Unification of many methods:

• (relaxed) proximal point algorithm: εk = 0

• (relaxed) extragradient method: εk = γ(Fzk − F z̄k), A ≡ 0

• Forward-backward-forward: εk = γ(Fzk − F z̄k), λk = 1, ρ = 0

• Optimistic gradient: εk = γ(F z̄k−1 − F z̄k)
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Conclusion

Thm O(1/k) rate as long as ρ > −(1− σ)γ

Key takeaway Large stepsizes γ are important for convergence in

nonmonotone problems.

Figure 3: GAN training
Figure 4: Adaptivity picking γ can

solve hard instances
21



Conclusion



What is next?

Returning to the initial list:

• Scaling up (Part I): batch size, model size (depth, width), long runs

• Multiple epochs (Part II): overfitting

• Long context

• Recurrences: diffusion models, looped transformers, SSMs, TTT

• Multiplayer games (Part III): GANs, agents interacting

How do we build stable systems that requires minimal oversight?

• How to co-design optimizers and architectures for other modules?

• Treat diffusion, looped models, depth etc. as fixed point iterations

• How to be robust to repeated data?

• How to be robust to other agents?
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Thank you!
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